Abstract. Claire Voisin has pointed out that one of the extremal family of 6-regular curves in È 3 , namely projections C of genus 5 canonical curves, are counter-examples to the meta-principle that obstructions to infinitesimal deformation and the infinitesimal Abel-Jacobi map are the same for families of curves on Calabi-Yau threefolds. The difficulty arises from the fact that the Hilbert scheme of C as a curve in È 4 is obstructed (even though C is unobstructed in È 3 ). We show how to treat the obstruction theory in this case, and use this adaptation to compute refined Gromov-Witten invariants.
Introduction
A general principle on smooth complete-intersection Calabi-Yau threefolds X ⊆ P is that the obstruction theory for deforming families of rational curves on or with X is essentially determined by the Abel-Jacobi map. (See [C2] .) This principle can be generalized to families of non-rational curves as long as the Hilbert scheme Hilb P of these curves in the underlying projective space P is strongly unobstructed. However C. Voisin has pointed out that this principle fails badly if Hilb P is obstructed. Indeed she gave a very beautiful counter-example for a family of non-rational curves on quintic hypersurfaces X ⊆ P = P 4 . The curve C in question is just the generic projection of a canonical curve of genus 5 into P 3 ⊆ P 4 . (As we shall see below, it is two conditions on the moduli of X to contain such a curve.) We propose to examine the deformation theory of Voisin's (C, X) in this paper, our justification being the beauty of the geometry and the lack of examples where the deformation theory is understood in the obstructed case.
Concerning that deformation theory, a specific goal of this paper is the following. Given a complete family of curves on X, one wishes to associate a refined Gromov-Witten invariant, which should always be a non-negative integer. (This is because the expected dimension of the Hilbert scheme at a curve C ⊆ X, the Euler characteristic of the normal bundle N C\X , is zero.) Again, this integer is often computable in case Hilb P is strongly unobstructed (see [CK] ). However we know of precious few examples where anything can be said in the obstructed case. Below we bound this integer for the Voisin example. This paper is organized as follows. In §2 we consider the geometry of the Hilbert scheme of curves of degree 8 and genus 5 in P 4 . In §3 we consider those curves which lie in a hyperplace and the geometry of the quintic surfaces S which contain them. In §4 we consider S as a hyperplane section of a quintic threefold X and study the structure of Hilb X near the curves in S. Finally in §5 we bound the "refined Gromov-Witten invariant" for the relevant component of Hilb X .
The authors would like to thank Claire Voisin for the beautiful example that is the subject of this paper and Aaron Bertram for his help on the geometry the rank two vector bundles which occur in our analysis.
One word about notation. If T is a subscheme of the Hilbert scheme of curves, we will let C T denote the universal curve over T .
The curve
2.1. Canonical curves of genus 5. LetĈ be a reduced, irreducible, non-hyperelliptic curve of (arithmetic) genus 5, canonically embedded in P 4 . has dimension at least 3, so thatĈ in contained in a P 2 of quadrics. If the dimension of the base locus of this linear system is greater than 1, i.e., ifĈ is not a complete intersection of quadrics, then, sinceĈ does not lie in a hyperplace,Ĉ must lie in a component of degree 3 which spans P 4 . The only such surface is a smooth cubic scroll.
Proposition 2.1. EitherĈ is a complete intersection of quadrics orĈ lies on a smooth cubic scroll. The latter occurs if and only if the curveĈ admits a g

Corollary 2.2. WithĈ as above, H
1 NĈ \P 4 = 0.
Proof. ForĈ a complete intersection of quadrics, this is elementary. So supposeĈ lies on a cubic scrollB. We have an exact sequence 0 → NĈ \B → NĈ \P 4 → NB \P 4 ⊗ OĈ → 0 (1)
To prove the corollary, we will show that
B is isomorphic to the Hirzebruch surface F 1 ; let E be its exceptional curve and F a fiber. From g(Ĉ) = 5 and degĈ = 8 we conclude that
and thus h 1 NĈ \B = 0.
Now if we choose a quadric Q ⊃B, we have the exact sequence
But by (1), deg NB \P 4 ⊗ OĈ = 27. Thus, deg NB \Q ⊗ OĈ = 11 > 8 = 2g Ĉ − 2 so that Proof. C must be the isomorphic image of its canonical modelĈ ⊂ P 4 under the projection π : P 4 P 3 . Let I and J be the ideal sheaves of the curves in P 3 and P 4 respectively. Then the natural map π * : I → J passes to a map of conormal sheaves and hence to a map of normal bundles
At the smooth points ofĈ, this map is induced by the surjection T P 4 ⊗ OĈ → T P 3 ⊗ O C so that the cokernel of (3) is torsion. The desired vanishing is now a corollary of Corollary 2.2. . ¿From now on, Hilb
Submanifolds of Hilb
will denote the open subscheme of the Hilbert scheme of one-dimensional schemes of degree 8 and arithmetic genus 5 in P 4 consisting of schemes which are reduced, irreducible and have only singularities with embedding dimension 2. Let Q be the variety of complete irreducible quadric threefolds (i.e., the blow-up of the projective space of quadrics along the locus of double P 3 's). We let Q be the locus of pairs
such thatĈ is canonically or sub-canonically embedded in P 4 and Q is a complete quadric containingĈ in its smooth locus. Let Q denote the image of Q under the projection
If C ∈ Q only spans a P 3 , then all the complete quadrics containing C are double covers of the P 3 branched along a quadric surface tangent to C at each intersection point. Thus C is the projection of a canonical curveĈ and the set of branching quadric surfaces for fixed C is given by the limiting linear series On the other hand, let P be the locus of {C} ∈ Hilb P 4 lying in, and therefore spanning, a P 3 ⊆ P 4 . P is fibred over P 4 ∨ and, by Proposition 2.4 and RiemannRoch, the fibers are smooth of dimension 32. We conclude Proposition 2.6. P is smooth of dimension 36. Proof. Since h 0 N C\P 4 = 36 when {C} ∈ (U − R ) , the first assertion is clear. Suppose {C} ∈ R . From the sequence
we see that the imbedding dimension h 0 N C\P 4 of Hilb
at {C} is 37. Suppose now C is smooth. Referring to (4) one component is given by P with tangent space given by the preimage of
in H 0 N C\P 4 and the other by Q with tangent space given by the kernel of a rank 1 map
is the tangent space to the deformation space of the pair (C, O C (1)) . (See [AC] .) This identification has the property that a section
extends with the first-order deformation
Since the tangent space to Q is characterized by the property that all sections in H 0 (O C (1)) extend to first-order deformations along it, the canonically defined subspace
defines the tangent space to Q . Because O C (1) = ω C , this subspace maps isomorphically onto
via the symbol map in the short exact sequence
This defines a splitting
So (5) is given as the composition
where the first map is induced from the commutative diagram of exact sequences
To see that (5) is of rank one, note that it maps into the subspace of H 1 (D 1 (O C (1))) on which the sections in W above extend, that is, into the nullspace for the pairing
As Voisin pointed out, we shall see that there is something interesting going on the 35-dimensional singular locus
2.4. Equations for C in P 3 . Suppose now that, for {C} ∈ R ,Ĉ lies in the base locus of the system of quadrics in P 4 generated by
with center of projection (1, 0, 0, 0, 0) not lying on the base locus. Thus C lies on the cubic surface A given by the equation
in the P 3 given by x 0 = 0. We normalize our basis so that c 1 = c 2 = 0 and c 0 = 1, and the cubic (9) becomes
Lemma 2.8. For all {C} ∈ R , (10) is the unique cubic in P 3 containing C.
Proof. If the base locus of the system (8) is a smooth cubic scrollB then (10) is the equation of the projection of that scroll into P 3 , and
for some linear forms a jj . NowĈ → C is an isomorphism onto a curve of degree 8 and genus 5, and we claim that (9) is the unique cubic containing C. To see this, notice that the intersection of (9) with a second cubic would be of the form
where L is a line meeting C in 6 points. The trigonal curve C is the image of a plane quintic with a node p under a map taking P 2 blown up at p to the surface (9) , and so L must be the double line of (9) or come from a line through p or from the exceptional curve. But none of those lines intersect C six times.
Also, since the center of projection does not lie onB, the projection B → A is a finite birational morphism which maps a conic R inB two-to-one onto the line
and has inverse
The surface
is the union ofB and the plane containing the conic R. Otherwise (8) defines the canonical embeddingĈ of C. Using the Einstein summation convention, H 0 I C,P 3 (3) is given by homogeneous forms
This can be solved for g j such that
So in normal form, this is given by f j such that
for some constants g 1 and g 2 . So
But, in the non-cubic-scroll case, the existence of a common solution of
is not an isomorphism.
By a somewhat more elaborate calculation we have:
Lemma 2.9. For all {C} ∈ R ,
Proof. First of all
So to complete the proof we must show
IfĈ lies on a smooth cubic scrollB, then the projection
maps a conic R onB two-to-one onto a (double) line on A. Any element of H 0 I C,P 3 (4) must vanish on this line since C meets it in 5 points. Thus
In the non-cubic scroll case the fact that there is no common solution of
implies that A is smooth along the line
LetÂ denote the surface in P 4 given by
ThenÂ has distinguished point p = (1, 0, . . . , 0) which is a smooth point ofÂ since C does not lie in a quadric. Then
.
So again
Lemma 2.10. There is a Zariski-open neighborhood U of R in P such that, for any scheme T ⊆ U for which there is a cubic surface A T containing C T , we have
Proof. For {C} ∈ R , C not trigonal (i.e.Ĉ does not lie on a cubic scroll) C lies in a cubic A given by an equation
such that there is no common solution of
Thus the map
is everywhere well defined. In fact the morphism (11) has imageÂ and is an isomorphism except that it blows down the line l 1 = l 2 = 0 to the distinguished point p. Since p does not lie onĈ, (11) restricts to an isomorphism on C. By Lemma 2.8 any sufficiently small deformation of {C} in P which lies in a cubic surface gives a deformation of the l j and q j and so a deformation of the map (11) and thus a deformation ofĈ ⊆ P 4 that projects to the deformation of C. SinceĈ is a canonical curve, we conclude
{C} ∈ R .
IfĈ lies on the cubic scrollB, then the projection map B → A is finite and is an isomorphism except over l 1 = l 2 = 0 over which a conic R inB is mapped 2 − 1. This map also restricts to an isomorphism onĈ. The map (11) is given by
By Lemma 2.8, any deformation C T ⊆ A T gives deformations l j,T , q j,T for j = 1, 2 and so a rational map
restricting to an isomorphism on C T →Ĉ T whose inverse is a family of projections.
This last lemma immediately implies the following improvement on Proposition 2.7.
Corollary 2.11. P and Q meet transversely at all points of R .
Later we will also need the following result.
Lemma 2.12. i) For {C} ∈ R such that C is not trigonal, C is a Cartier divisor of the cubic A and
Proof. i) Again use that
has no common solutions. The morphism (11) has imageÂ and is an isomorphism except that it blows down the line l 1 = l 2 = 0 to the distinguished point p. Since p does not lie onĈ we have
ii) Consider the finite map
given by the restriction of the projection to the cubic scroll. We then have the exact sequence
where
Also the natural injection of line bundles
has cokernel a skyscraper sheaf of length 5 corresponding to the five points of intersection of R andĈ. Since f is of maximal rank except at 2 points, the torsion summand of OĈ ⊗ N f has length ≤ 2 and therefore its line bundle summand has degree ≥ 17 so that
3. The surface 3.1. Quintics containing C. Now fix a smooth curve C ⊆ P 3 ⊆ P 4 representing a general point in the set R of (7). By a fundamental theorem of Gruson-LazarsfeldPeskine [GLP] , for any non-rational reduced irreducible curve C of degree 8 spanning P 3 , the restriction map (12) is surjective. This in turn implies that dim H 0 (I C (5)) = 20 (13) where I C is the ideal sheaf of C in P 3 .
Proposition 3.1. C is contained in a smooth quintic surface S whose Picard number is 2.
Proof. The proof is based on the following construction: As before letĈ denote the canonical embedding of C in P 4 . Take a one-parameter family of projections π t :Ĉ ⊆ P 4 → P 3 with C = π 1 (Ĉ) and such that the center of the projection π 0 is the vertex of a quadric cone containingĈ. Then (C 0 ) red. = π 0 (Ĉ) is a four-nodal curve which is a (4, 4)-curve on a smooth quadric surface Q 0 . We write
The four nodes {p 1 , . . . , p 4 } are coplanar since the canonical linear system onĈ is given by quadrics in P 3 containing the p i so that, ifp ij denotes the two points of C above p i for j = 1, 2,
However no three points of {p 1 , . . . , p 4 } are collinear sinceĈ is not hyperelliptic. Thus the p i impose independent conditions on cubics in P 3 . So, if we denote by C 0 the curve over 0 in the flat family associated to π t (Ĉ), then C 0 has embedded points at the p i and all members of the linear system
are singular at {p 1 , . . . , p 4 } and so by (14) h 0 (I C0 (5)) = 24 − 4 = 20. Now a general member of Λ 0 is a general member of a general pencil spanned by the pair of reducible surfaces
where K 0 is a general cubic containing the p i and H 0 is a hyperplane through those points p i at which V 0 is smooth. Since dim Λ 0 = 19, the only possibility is therefore that H 0 is a general hyperplane and V 0 is singular at all four points p i . In fact the tangent cone of a general element of Λ 0 at p i is a general element of the pencil of conics spanned by two conics of the form
where l is a general and m 0 is a fixed (unknown) linear form. So the general quintic surface containing C 0 has only ordinary nodes at each p i . We also see immediately that I C0 (5) is generated by its global sections.
We are now ready to complete the proof of the Proposition. Let
Take a generic section of the family {Λ t } near t = 0 and call the family of quintics {S t } . By flatness I Ct (5) is generated by global sections. So by Bertini's theorem, S t is smooth for t = 0. In fact, ifP t denotes the blow-up of P 3 along C t , the classical Lefschetz argument for hyperplane sections of the embedding
shows that the Picard number of the generic S t is equal to the Picard number of P t which is 2.
3.2. C moves in a pencil on S. We now have, for generic {C} ∈ R , that C lies in a smooth quintic surface S of Picard number 2. By adjunction
∨ be the corresponding pencil. Using Riemann-Roch, Serre duality, standard exact sequences and the fact that for no {C } ∈ |O S (C)| does C lie in a hyperplane, one calculates
We want the surjectivity of (12) 
with D 1 reduced and irreducible and
where K is a hyperplane section of S. Since C moves in a base-point free pencil, it must be that
as well. One calculates that the intersection matrix of the divisors C 0 , D 1 , and K has determinant −64D 2 1 , and so, since the Picard number of S is 2, D 2 1 = 0. Therefore, by the genus formula,
Now k = 2 is impossible because there are no curves of genus 2 and degree 2, so it must be that k = 4 and g := g(D 1 ) = 3; in other words, D 1 is a plane quartic. It follows that
for some line L in S. Now plane quartics are canonically embedded, so that h 1 (O D1 (K)) = 1. Thus, using the exact sequence
we conclude via Serre duality that
But, since h 0 (O S (C 0 )) = 2, this would imply that all curves C ∈ |O S (C)| are of the form
which contradicts the irreducibility of C itself.
So by Proposition 2.4 we have Finally since the mapping of ideal sheaves
is surjective, the mapping
is injective. So we conclude Proposition 3.4. S is a smooth subscheme R .
Finally, for fixed P 3 , we need to understand the local structure of
be the subscheme of quintic surface near S with Picard number 2 and
Proposition 3.5. Suppose that the infinitesimal period mapping
is surjective at (C, S). Then N 2 is a smooth submanifold of P H 0 (O S (5)) of codimension-4, and N is the blow-up of N 2 along the smooth codimension-2 submanifold N 2,ω with exceptional locus N .
Proof. The first assertion is an immediate consequence of the classical Lefshetz theorem. For the second, first notice that, for S 1 nearby with Picard number 2 and for the line bundle L which is the deformation of c 1 (O S (C)) , χ (L) = 1 and, by (17) , h 2 (L) = 0 so L has a section. Let C 1 denote its zero scheme. Then by adjunction
if and only if
Thus we locally have a birational morphism
with fibers isomorphic to P 1 . A classical theorem of Moishezon characterizing smooth blow-ups then completes the proof.
The threefold
4.1. Quintics containing S. For generic C ∈ R and generic S ⊇ C as in the previous chapter, we next let X ⊇ S ⊇ C be a generic quintic threefold X ⊆ P 4 with hyperplane section S. So X is given by an equation
where S is given by G = 0. We wish to study Hilb X in a neighborhood of S , the parameter space of the basepoint-free pencil S/S with generic fiber C. We will break this study into two parts, namely the studies of Hilb X ∩ P and Hilb X ∩ Q respectively. In the next few subsections we will concentrate on Hilb X ∩ P . Our main tool will be the identification of two symmetric bilinear forms on
where ω ∈ H 0 Ω 2 S is the element given by l ∈ H 0 (O P 3 (1)) and τ ∈ H 1 (T S ) is the Kodaira-Spencer class for the deformation of S in X given by The form (21) of the pairing will later be shown to be non-degenerate. Hence this identification will allow us to apply Proposition 3.5 to show that our special surfaces S vary in a (generically) smooth set of codimension 6 in P H 0 (O P 3 (5)) . So the set of X ⊆ P 4 with a hyperplane section isomorphic to some S as above will turn out to be smooth of codimension
. We begin by checking the coincidence of the two pairings (20) l (x 1 , . . . , x 4 ) Ω G so that the obstruction to extending c 1 (C) to first order with a first-order deformation l V of S in X is given by the quadratic form
. To see that (20) and (21) coincide, we compute as in [G] . Consider the exact sequences
giving rise to the commutative diagram
So the pairing (23) is given by
and so coincides with (21).
One final remark (that we will not use in what follows): One might envision a parallel study of the infinitesimal period map for the quadric sections of X at the complete quadric section
that is, the double cover of S branched along
More precisely, recall the space Q of pairs (curve, complete quadric) defined in 2.3. If we write
and let
be a path in Q passing through C, 2P 3 Q0 . Taking resultants, we see that the derivative of the corresponding quadric section of X at ε = 0 projects into P 3 with equation
However this infinitesimal period map seems harder to deal with so we will handle the neighborhood of S in Q differently.
Characterizing N C\X as an element of Ext
Again, for S ⊆ X generic and any C in the distinguished pencil parametrized by S , we consider the short exact sequence
of normal bundles. This sequence is characterized by an element of Ext
, which we express in terms of the equation (25) defining X. From the Euler exact sequences
for n = 3, 4, we obtain two commutative diagrams of exact sequences of left O Cmodules,
Referring to (28) the vertical maps ψ n are given by
A simple diagram chase, together with the fact that the exact sequence given by the middle row of (28) is split, yields the following:
Proposition 4.1. The extension class giving (27) is the image of V under the composition
Hom (O P 3 (1) , O P 3 (5)) → Ext 1 (O C (1) , O C ⊗ D 1 (O S (1))) → Ext 1 O C (1) , N C\S (30)
induced by the diagrams (28) and (29). (Of course Ext 1 here refers to extensions with respect to the left
We next wish to explore which elements of Ext (30) is ≤ 1, and, for generic {C} ∈ S , the mapping (30) is surjective.
Lemma 4.2. The dimension of the cokernel of
Proof. We factor the mapping (30) as follows:
followed by
coming from the short exact sequence
By (2.9) the map (31) is surjective.
The cokernel of (32) is H 1 N C\P 3 (−1) . Recall that C lies on an irreducible cubic surface A ⊆ P 3 given by (10). If C is non-trigonal the exact sequence
in Lemma 2.12 gives
But by Lemma 2.12
If C is trigonal, Lemma 2.12 gives that
Since the generic S must contain some trigonal curves, the proof is complete.
Corollary 4.3. i) For generic
ii
) There is a Zariski open set Z ⊆ P such that S ⊆ Z and we have a schemetheoretic equality
Proof. i) The image of the map (30)
in Lemma 4.2 has codimension ≤ 1. However by (24) the pairing (23) is given by the map
Since no quadric in P 3 contains C, the mapping
is injective so that
) onto a subspace of codimension ≤ 1. However the degenerate quadratic forms in S 2 H 0 (O P 3 (1)) ∨ are an irreducible quartic hypersurface which therefore cannot contain a hyperplane.
ii) Now the cohomological obstruction to deforming c 1 (C) ∈ H 1,1 (S) to firstorder with a deformation of the hyperplane section S in X is exactly the pairing (23) considered as a map
So for generic V , this map is injective. So c 1 (C) is obstructed to first order for every first-order deformation of S in X. So the only first-orders deformations of curves on S staying inside Hilb X ∩ P stay inside S.
Our next step is to recall the analysis in [B] of the structure of the space
The subspace
is defined by equations spanning the subspace
and only if N has a quotient of the form
Proof. Consider the bundle N containing N which is generated by N and rational
is the image of the extension in the Proposition under the map
The image extension is split if and only if there is a map
for which the composition
Proposition 4.5. The last two propositions tell us that the subvariety
is given as follows: Let So the generic N ∈ P H 1 (T C ) has h 0 (N ) = 1. So by Lemma 4.2 we conclude:
is an isomorphism of one-dimensional vector spaces.
Hilb
X at generic C. We now consider the diagram
and let ∆ ⊆ S × X denote the incidence variety of the family of curves S on X. Notice that q maps ∆ isomorphically onto S ⊆ X and under that identification p : ∆ → S is simply the fibration S/S . From the short exact sequence
we have the map
of bundles which is given at a point {C} ∈ S as the map
given by the extension data of the exact sequence
i) Hilb X is given at generic {C} by the reduced scheme S . ii) The Fitting scheme given by the locus at which µ is not of maximal rank has length 2, in fact, has length 1 at two distinct points of S which can be taken to be outside any pregiven finite set of S .
Proof. i) We have by Proposition 4.6 that µ can be made to be fiberwise injective at any {C} ∈ S . Thus H 0 N C\S → H 0 N C\X is an isomorphism. ii) By Porteous' formula, the desired length is given by
with each a j > 0 and j a j = 9. So c 1 R 1 p * N ∆\S ×S = 5 · 2 − 9 = 1. Since no fiber of S/S lies in a hyperplane, we know that
can have no global sections with zeros. Thus 36) and the map µ given in (34) becomes (38) where I is the identity matrix. Let
denote the line bundle summand corresponding to the factor a. We then have the commutative diagram
Finally by (38) the Fitting divisor on S depends linearly on the choice of V and corresponds to a linear series of degree 2 without basepoints.
So, by Lemma 4.7, S is not an isolated subscheme of Hilb X but must have at least two embedded points along S and seemingly could have other components of positive dimension meeting S . Since all nearby (reduced, irreducible) curves are either canonically embedded or lie in a P 3 , any other positive-dimension component (as a reduced variety) would have to lie in P or Q . As we will see at the beginning of the next section, such positive-dimensional components do not exist. 
Main theorem and numerical invariants
where {C 1 } and {C 2 } are (general) points of S and at each C i there is an analytic isomorphism
Proof. We have already seen in Corollary 4.3 that
By Lemma 4.7, we have locally
at all {C} ∈ S except possibly at two points
Again we will argue by specialization. We consider the family of quintics X δ,ε in P 4 given by
Notice that S ⊆ X 0 is stationary under the deformation X δ,ε of X 0 .
The Hilbert scheme of X 0,0 is easy. It is simply given by the sections ω of the normal bundle H 0 N S\X0,0 = H 0 (ω C ) for each {C} ∈ S . The curveĈ = (C, ω) in X 0,0 deforms to first order with the first-order deformation X δ,0 if and only if
that is, if and only if, referring to (34) and (37) we have
Thus C = C i . Since the Fitting ideal of µ V is reduced at each {C i }, the subscheme of the Hilbert scheme of X 0,0 which deforms to first order in the direction X δ,0 is precisely the (reduced) union of S and a copy of the one-dimensional kernel of
Denote the families of curves corresponding to these last two components as C i,∞ /SpecC [t] . (Notice that their first-order deformations in the direction
{t 2 } deforms (and continues to lie in Q ) over all of
The obstruction to deforming the subscheme C i,3 of C i,∞ over (41) is the image of the element x 2 0 K under the natural map
where I = Spec
{t 3 } . By construction, this image vanishes mod t 2 so produces an element of the vector space
Now by varying the center of projection and so the element ω and varying the choice of K it is easy to see that the expressions ω 2 K generate the entire vector space H 0 (O Ci (5)) so that, for generic (41), C Ci,3 is obstructed. Setting δ = ε we conclude that for the first-order deformation of X 0,0 in the family
deforms (and that this first-order deformation lies in Q ). Since we know that h 0 N Ci\X δ,ε = 2 for δ = 0, ε = 0, we conclude that (42) must give Hilb X δ,ε ∩ U for generic δ, ε, but notice that we can not conclude that the first-order deformations C i,2 of C i continue to lie in Q for generic X = X δ,ε .
So, for F as in (19) , the zero-scheme of p * q * F | U ∩Q is the smooth (reduced) curve S possibly together with simple embedded points at the {C i } for i = 1, 2. By intersection theory as in [F] and [?] , the normal cone C Q associated to the section
of the vector bundle
is given by a sub-bundle
of co-rank one possibly together with the entire fiber E i of E S at the two points {C i } . On the other hand the Referring to the components P and Q of U defined in §2, let
be the universal curves. For the standard map
the surjectivity of (2.4) implies that
is a vector bundle which is generated by the linear space of sections
Since there is an F ∈ H 0 (O P 4 (5)) near F so that
are given locally by a deformation of S which meets S transversely at {C}, it follows by Theorem 5.1 and Sard's theorem that, given any analytic neighborhood of {F } in P H 0 (O P 4 (5)) , the general section F in that neighborhood has the property that p * q * F has reduced simple zeros on P and reduced simple zeros on Q . Since a simple constant count shows that generically none of these lie on R , we have established that, for a general deformation X of X which is sufficiently near to X, the components of Hilb X supported in S contributes a finite, non-negative number n P of infinitesimally rigid curves from P and a finite, non-negative number n Q of infinitesimally rigid curves from Q to the Hilbert scheme Hilb X .
of X .
Theorem 5.2.
n P = 1.
Proof. This is an immediate concequence of Proposition 3.5 and Corollary 4.3. More precisely, for generic S ⊆ X we have seen in Corollary 4.3 that the four-dimensional set of hyperplane sections of X meet N 2 transversely at {S} ∈ N 2,ω . If G is chosen as in the previous proof, the deformation
still has the property that the period map (23)
is of maximal rank for small δ. So all of Hilb X δ near S lies in Hilb S δ . But as we have seen,
The final goal of this paper is to estimate n Q . Again by intersection theory, n Q is the intersection of the normal cone C Q associated to the section p * q * F of the vector bundle
with the zero-section. Since the zero-scheme of p * q * F | Q is the smooth (reduced) curve S possibly together with simple embedded points at the {C i } for i = 1, 2, the normal cone C Q is simply a sub-bundle C ⊆ E S of co-rank one possibly together with the entire fiber E i of E S at each of the two points {C i }. Hence by intersection theory (see [F] ) we have either n Q = c 1 (E S ) − c 1 (C) if the embedded points at the {C i } do not lie in Q and n Q = c 1 (E S ) − c 1 (C) + 2 if they do.
To compute c 1 (E S ), we use that, since S = P 1 , E S is a sum of line bundles. But To compute c 1 (C), we consider the deformation
under which X deforms to the cone over S and C deforms to the normal cone C 0 of J := Q ∩ Hilb On the other hand,
So, if we let P 0 ⊆ P denote the curves lying in the fixed P 3 given by the equation 1 ≤ n Q ≤ 3.
We of course wish to compute n Q exactly for generic F as above. Unfortunately, despite repeated attempts we have not been able to decide whether the entire scheme Hilb X ∩ U remains inside Q .
